Parabolic Harnack inequality for time-dependent 
non-symmetric Dirichlet forms 

Janna Lierl Laurent Saloff-Coste * 

February 14, 2013 

Abstract 

This paper introduces conditions on the symmetric and skew-symmetric 
parts of time-dependent bilinear forms that imply a parabolic Harnack in- 
equality for appropriate weak solutions of the associated heat equation, 
under natural assumptions on the underlying space. In particular, these 
local weak solutions are locally bounded and Holder continuous. 

Introduction 

This paper is concerned with parabolic Harnack inequalities for weak solutions 
of the heat equation associated with non-symmetric, time-dependent, closed 
bilinear forms that are local, regular and generalize non-symmetric Dirichlet 
forms. 

In ground breaking works, Nash [26] and Moser [23l [24J [25] studied the 
weak solutions of second order uniformly elliptic divergence form equations in 
Euclidean spaces. The article |T by Aronson and Serrin provides a very detailed 
and complete account centered around the parabolic Harnack inequality. See 
also [28, 8, 33 . As observed by Moser, the parabolic Harnack inequality implies 
the fundamental result that weak solutions of the relevant equation are locally 
bounded and Holder continuous. More recently, the usefulness of parabolic 
Harnack inequalities in connection with Aronson-type two-sided heat kernel 
bounds has led to many further works on the subject. 

For purely second order divergence form operators (with no time depen- 
dence), e.g., on complete Riemannian manifolds, Grigor'yan [IT] and Saloff- 
Coste [30] observed that the parabolic Harnack inequality is precisely equiva- 
lent to the volume doubling property and the Poincare inequality. This char- 
acterization of the parabolic Harnack inequality has proved very useful in the 
development of analysis on rough spaces including spaces equipped with a sub- 
Riemannian structure ([HI [31]), Lipschitz manifolds, Alexandrov spaces ([S]), 
polytopal complexes and Gromov-HausdorfF limits of Riemannian manifolds 
([28]). 
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Biroli and Mosco [2] and Sturm [3H 133 [37J extended these ideas in the con- 
text of local, regular Dirichlet spaces equipped with a non-degenerate intrinsic 
distance. The aim of the present work is to complement in various ways the 
results of Sturm [35JI37]. I R doing so, we were in part motivated by applications 
to the study of the heat semigroup with Dirichlet boundary condition in inner 
uniform domains. See [T2l [TBI [TT) . 

To describe the content of this paper without entering into technical details, 
recall that the model for a regular, strictly local Dirichlet space is K™, equipped 
with Lebesgue measure, the Hilbert space L 2 (M. n ,dx) and the closed bilinear 
form (f,g) H> £(f,g) = / V/ • \7gdx with domain the first Sobolev space 
W 1 ' 2 (W l ). See U- For the purpose of the present work, R™ is replaced by 
a locally compact, separable space X equipped with a positive Radon measure 
\x and a regular, strictly local Dirichlet form £(f,g), f,g 6 V (£). In great 
generality, the global energy £(/, g) is obtained by integration of a local energy 
r(/, g) (a signed radon measure replacing V/ • X7g dx). This setting easily leads 
to the appropriate notion of a local weak solution of the associated heat equation 
(see, e.g., [33 [37]). 

In great generality, we can associate to any such £ a "geometry" defined via 
a "distance function" called the intrinsic distance and denoted here by ds (see 
[H[3il]). This "distance" may, a priori, take the values or infinity but we will 
make the fundamental assumption that dg is a genuine distance function which 
defines the topology of X and turns (X, dg) into a complete metric space with 
metric balls B{x,r). Having made this hypothesis, we can now consider the 
following properties: 

• (Doubling) 3D, Vx,r, n(B(x,2r)) < D^(B{x,r)). 

• (Poincare) 3P, Vx,r, / e V(£), 

mm [ \f~edfi<Pr 2 [ dT(f,f). 

« eK JB{x,r) J B{x,2r) 

• The parabolic Harnack inequality for non-negative local weak solution of 
the heat equation in appropriate time-space cylinders Q{s, x, r) = (s, s + 
r 2 ) x B(x,r). 

Generalizing the aforementioned results of Grigor'yan and Saloff-Coste, Sturm 
proved that the conjunction of the first two properties is equivalent to the third. 
This implies that, under the hypothesis that the first two properties holds (in 
fact, a local assumption of this type suffices), any local weak solution of the 
associated heat equation is locally bounded and Holder continuous. In this 
generality, this is quite a remarkable result since, for instance, there is no way 
to "approximate" such a weak solution by better behaved functions as one could 
in R n by smoothing the coefficients of the equation. 

Aronson and Serrin [TJ developed the theory of parabolic Harnack inequali- 
ties for quasi-linear divergence form equations having the proper structure. This 
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includes time-dependent linear equations in divergence form with uniformly el- 
liptic second order term, first and zero order terms with bounded coefficients, 
that is, 

d t u(t,x) = } dj {cnj (t, x)dju(t, x)) 

+ bj(t, x)dju(t, x) + dj(dj(t, x)u(t, x)) + c(t, x)u(t, x), (0.1) 

i 3 

to be interpreted in the weak sense and where a,ij,bi,dj and c are bounded 
measurable functions with, V£ € R", J2i j a i.j(t> x )£i£j — e l£| 2 ; e > 0. If the 
lower order coefficients hi , d{ and c all vanish, then the weak solutions satisfy 
a global scale invariant parabolic Harnack inequality even when a;j is time- 
dependent and not necessarily symmetric. This provides a two-sided Aronson 
heat kernel estimate that is global in time and space. One goal of this paper is 
to obtain a similar result in the context of Dirichlet spaces. See Corollary 13.71 

We consider equations that generalize (IQ.ip in the context of a given sym- 
metric, strictly local Dirichlet space (X, £) satisfying the volume doubling prop- 
erty and the Poincare inequality. These equations are associated with (time- 
dependent) closed forms £ t with domain D{£ t ) — D{£). These forms are local, 
possibly non-symmetric, and generalize Dirichlet forms (see [20] )■ We introduce 
natural hypotheses on the symmetric, strictly local part, the skew-symmetric 
part and the zero order part of £ t , that allow us to use the well established 
Moser iteration technique. See Section [PI Since Moser iteration itself is well 
understood, the main point is to justify carefully the application of this tech- 
nique to local weak solutions of the associated heat equation. This work is 
closely related to [351 ISZ] where similar questions are discussed and the Moser 
iteration technique is used in the same way. The paper [3 7) proves a parabolic 
Harnack inequality for local weak solutions of the heat equation associated with 
symmetric, time-dependent, strictly local Dirichlet forms that are all uniformly 
comparable to a fixed symmetric, strictly local, regular Dirichlet form satisfy- 
ing the doubling property and the Poincare inequality. The work |35] contains 
further developments towards the parabolic Harnack inequality for a more gen- 
eral class of (non-symmetric) Dirichlet forms. However, we have encountered 
difficulty in justifying applying [3 5) to general weak solutions whose local bound- 
edness is not known, a priori. The hypotheses we make here on the forms Et 
are in a somewhat different spirit than those considered in [3 5) (in a certain 
sense, they are also more restrictive; in another sense, they are more general). 
We carefully explain how these hypotheses allow us to follow Q] and treat local 
weak solutions without an a priori assumption on their local boundedness. 

The results obtained in this paper involve two types of assumptions. The 
first type concerns the structure of the forms £t- They are introduced in Sections 
ll.2l and ri.4l as Assumptions 0,Q]and[2J The second type of assumptions concerns 
the underlying space, these are introduced in Section [2. II as Assumptions [3] and 

HI 

The main results (Harnack inequality and Holder continuity of weak solu- 
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tions) are stated in Theorem 12.131 Corollary 12.141 and Corollary 12.161 Applica- 
tions to heat kernels are described in Section 3. 



1 Non-symmetric forms 

The classical theory of symmetric Dirichlet forms is developed in [5]. For the 
notion of non-symmetric Dirichlet forms see |20j . 

Let X be a locally compact, separable metrizable space and let // be a 
non-negative Borel measure on X that is finite on compact sets and positive 
on non-empty open sets. On this space, we will consider bilinear forms that 
generalize (non-symmetric) local Dirichlet forms. 



1.1 The model form 

Throughout this paper, we fix a symmetric, strictly local, regular Dirichlet form 
(£, D(£)) on L 2 (X, fx) with energy measure T. In particular, 



£(f,g) = J dT(f,g), Vf,geD(£). 



Recall that the energy measure T satisfies a chain rule: For any v, u\, U2, ■ • ■ , u m G 
TnC c (X), u = (ui,...,u m ) and $ G C 2 (K m ), we have 



i=l 



where u is a quasi-continous version of u, see [9j Theorem 3.2.2]. Note that 
in [5] the energy measure is denoted as 2/i< u v> . Further, T satisfies a sort of 
Cauchy-Schwarz inequality (cf. [5] Lemma 5.6.1]) 



fgdT(u,v) 



< 



fdT(u,u) 



g 2 dT(v,v) 



(1.1) 



for any f,g G D{£ )nL 00 (X), u,v G D(£), or /, v G D{£ )nL 00 (X), g, u G D{£). 
Here, on the right hand side, quasi-continuous versions of / and g must be used. 
Inequality (|1.1|) together with a Leibniz rule ([9j Lemma 3.2.5]) implies that 



/ dT(fg,fg)<2 J f 2 dr(g,g) + 2 J g 2 dT{fJ), f,geD(£)nL°°(X). 



(1.2) 



Because the domain of £ plays a fundamental role, we set 

T =D{£) and \\f\\ F =(J \f\ 2 d^ + J dT(fJ) 



1/2 
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In our context, the space T plays the role of the first Sobolev space. By defini- 
tion, the support of / G L 2 (X,d/j.) is the support of the measure fdfi. For an 
open set U C X, we set 

.F c (r/) := {/ € D(£) : The essential support of / is compact in U.} 
F loa {U) := {/ G LlXU) : V compact K C U, 3/« G £>(£), / = a.e.}. 

Note that T(f,g) can be defined for u G J r loc (J7) and t> G FcQJ) by virtue of [9, 
Corollary 3.2.1]. For convenience, we set J-" c = T C (X). We will use this notation 
throughout. One fundamental assumption for the results of this paper is that 
all other bilinear forms on L 2 (X, fi) that we will consider will share with £ the 
same domain J- . 

1.2 Basic structural assumptions on forms 

In this section, we introduce some basic notation and definitions regarding bi- 
linear forms. 

Let (£,£)((£)) be a (possibly non-symmetric) bilinear form on L 2 (X,/i). Let 

£ sym (/,5) = i(ea,5) + £(g,/)) 

be the symmetric part of l£ and 

£° k ™(f,g) = l{<S(Lg)-£(gJ)) 

the skew-symmetric part. 

Recall that (<£,£)(£)) is local if <£(/,#) = for any pair f,g G D(<£) with 
compact disjoint supports. The form ((£, D(€ j) is strictly local if <£(/, (?) = for 
any pair /, g G .D (<£) with compact supports with / constant on a neighborhood 
of the support of g or vice versa. We say that 1 is locally in the domain of <£ if for 
any compact set K C X there is a function fx £ fl(£) with compact support 
and such that fx = 1 in a neighborhood of if. If that is the case and € is local 
then <£(u, 1) and (S(l, u) are well defined for any function u G -D((£) with compact 
support. Indeed, assuming that the support of u is K, set (£(u, 1) = <£(u, fx) 
and note that the result is independent of the choice of the function fx G D(<B) 
which equals 1 on a neighborhood of K. 

Example 1.1. On X = M, for any choice of k\,ki G N, the form (f,g) 
&{f>9) = J f^^g^^dx where f^ denotes the k-th derivative of f and f,g G 
C c °°(R) is local. It is strictly local if and only if either kik 2 or k\ = < k 2 , 
or k\ > = k 2 . However, in the latter two cases, the symmetric part of the 
form is degenerate. 

Definition 1.2. Assume that (£,!?((£)) is local and that 1 is locally in D(<E). 
Define the bilinear forms C = and 1Z — IZg by 

C(u, v) = 2 1) - €(1, uv) + <E(u, v) - <£(v, u)] , 
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K(u, v) = - [(6(1, uv) - €(uv, 1) + <£(u, v) - <£(v, it)] = -£(u, it), 

/or any u,v € -D(£) wii/t itu having compact support and uv S -D(lS) ■ 

Remark 1.3. (i) Without further assumption, it is not clear that there are 
many it, v € £>(£) such that iw € -D((£). We will use this definition only 
in cases where there are plenty of such it, v. 

(ii) The locality of l£ implies that C is left- strictly local, i.e. C{u, v) = if it, v 
have compact support and u is constant on a neighborhood of the support 
of v. Moreover, for any u,v £ D(<E) with uv of compact support and 
uv e £>(£), 

<£ 3kow (u,-u) =C(u,v) +K(u,v). (1.3) 

We recall the following important properties of the domain J 7 of a regular 
strictly local Dirichlet form. 

Proposition 1.4. • J r nL co (X,u) is an algebra. 

• If $ € C^M" 1 ), and iti, . . . , u m £ Jfl L°°(X, ^), it = (it 1; . . . ,u m ), then 

Hu) e T lac . 

Proof See Theorem 1.4.2 and (3.2.27)]. □ 

Example 1.5. In the case (f,g) h> £(/,#) = J(f {kl) g {k2) + fg)dx, f,g £ 
C c °°(R), we have 

er*{f,g) = J Q(/ (fel) 5 (fc2) + / (fe2 V fel) ) + /s) 

= J±(fWgV»)-fV»)gM)dx. 

If kx =l,k 2 = 0, i/ien C(f,g) = |J // fci = 2, fc 2 = 0, tfien £(/,#) = 

5 J(f"9 + / ' g')dx. Anticipating on the definition of a "first order skew part" 
given below, note that the skew part of (B is of first order in the case k\ — 1, k 2 — 
but is not in the case ki — 2, k 2 = 0. 

Changing notation to emphasize the fact that we now make an important 
extra hypothesis, we consider a bilinear form £„ whose domain D(£*) is equal 
to the domain T of our model form (£, F). Since the model form is a symmetric 
strictly local regular Dirichlet form, JF has many good properties including the 
fact that 1 £ J- loc and that F c n L°°(X 1 u) is an algebra and is dense in the 
Hilbert space (J 7 , || ■ We will use freely the notation £ ° ym , £ = kow , C = Cg r 
and TZ — TZs r . 

Definition 1.6. Assuming £* is local with D{£*) — T , we say that £° kcw is a 
first order skew form relative to T if the following two properties hold: 

• For any it, v, f £ J- C C (X), we have 

£(uf, v) = C(u, fv) + C(f, uv). 
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• Let v, iti, it2, ■ • ■ , u m G T n C C (X) and u = (iti, . . . , u m ). For any $ 6 
C 2 (M m ), 

m 

£($(u),«) = ^£(ni,$ Xi (u». 

i=l 

Remark 1.7. (i) The name "first order skew form" is perhaps not com- 
pletely satisfactory since such a form can include a term associated with 
the second order part of the infinitesimal generator if that second order 
part is not symmetric. See Example 11.121 below . It refers to the fact that 
the skew form in question satisfies natural "derivation type" properties. 
Note that, not surprisingly, these derivation properties are not symmetric 
in the argument. 

(ii) By Proposition II .41 when u\,...,u m are in J n C c (l) then and 
$ Xi (u) are in T loc , for any $ G C 2 (R m ). 

Remark 1.8. When is a non-symmetric local regular Dirichlet form, then 
its skew part is of first order with respect to the domain of the form itself, see 
[HI Theorems 3.2 and 3.8]. Note that £(u,fv) is the same as (L(u,v),f) in 
their notation. 

Note that the following structural assumptions refer to the domain T of the 
model form £ . 

Assumption 0. The form (£*, _D(£*)) is local, its domain D(£*) is J- and: 

(i) The form £* satisfies 

V/,J6J, \£*{f,9)\<C4f\\A9\\^ 
and, for all f,g G T with fg G J- c , 

\£*(fgA)\ + \£*{l,f9)\<C4f\\r\\9\\F- 

(ii) The symmetric bilinear form £l{f,g) = £* ym (/, <?) — £* ym (/s> 1); defined 
for f,g(zJ~ with fg G J- c , extends to a regular strictly local symmetric 
Dirichlet form with domain J- . LetY* be the energy measure of £j. 

(Hi) The skew part £= kcw is of first order with respect to T . 

Remark 1.9. (i) Under Assumption 0(i), the form £ 1e as well as each of the 
components £ I , £ ° ym , £^ kow is continuous on T x T . Further (/, g) 
£*(f9i 1) an d (/jfl 1 ) l— ► £* ym (/ffj 1) extend continuously to T x T . 

(ii) Note that, under Assumption 0, / i-> \\f\\jr and / i-» (£;(/, /)+ / \f\ 2 dn)^ 2 
are two equivalent norms on J 7 . 
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(iii) Assume further that 

\erV 2 A)\<c\\fh\\f\\r, 

1 /2 

for any / G T with f 2 G J" c , where ||/|| 2 = (/ \f\ 2 dfi) . Then there 
exists A G K such that + A(-, -) M is a coercive closed form. In addition, 
this form is positivity preserving. See [H] and Proposition II .101 In fact, 
the form {£ * , J 7 ) itself is closed and positivity preserving. 

(iv) Assume that (£*, J-) is a (non-symmetric) local Dirichlet form. In order 
for Assumption to be satisfied, we need to assume that the strictly 
local part of £ ° ym is itself a regular Dirichlet form with domain T . This 
puts restrictions on its skew part and on the zero order symmetric part 

C : ■:/'/• n. 

Proposition 1.10 (Strong version of the locality properties). Under Assump- 
tion 0, the following holds: 

(i) Ifu,v G J- are such that uv — pL-a.e. then £*(u,v) = 0. 

(ii) If u,v G T are such that there exists c G R such that (u — c)v — fi a.e. 
then El{u, v) — and L{u, v) = 0. 

Proof. See the proof of ;4] Theorems 2.4.2 and 2.4.3]. The essential point here 
is that the common domain of these forms is J 7 , the domain of a regular Dirich- 
let form, and the fact that these forms are continuous on T x T thanks to 
Assumption 0(i). □ 

Example 1.11. On X — R equipped with Lebesgue measure dx, let a,b,c be 
bounded measurable functions and consider 



£*(/,<?)= / f'g'dx + J a(f'g-g'f)dx + J b(f'g + fg')dx 



cfgdx 



with domain the first Sobolev space J- = VT 1,2 (R). Then obviously satisfies 
Assumption 0. Assume that the distributions a', b' are signed Radon measures 
(obviously, this is not always the case!). The form is not a Dirichlet form in 
general. Indeed, for to be a Dirichlet form it is necessary that 

c > b' — a' and c > b + a . 

If j is a non-negative Radon measure such that c + 7 > b' — a' and c + 7 > b' + a' 
then (f,g) 1— > £*(f,g) + ~f(fg) is a Dirichlet form on L 2 (M.,dx) but its domain 
T n L 2 (R,7) will, in general, be smaller than the first Sobolev space T . 

Example 1.12. On Euclidean space X = 1", consider the form 

/In n n \ 

^2 a i,i d if d o9 + X! hldl f 9 + dtd.g + cfg dx, 

\i,j=l i—1 i—1 J 

with coefficients a — (a^.j), b — (bi), d = {di), c satisfying 
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(i) Yh,j=i \ a i,j - a iA ^ M f or some M > 

(ii) there are positive constants k n ,K n such that fc |£| 2 < J2i j a i,j£i£j — 
K \£\ 2 for all^eR". 

Set dij := (aij + a 7j i)/2 and dij = (aij —aj^)/2. Then the symmetric part 
of £ is 

E a i ,jd i fd j gdx+ / E - - difgdx 
i,j=l J i=l 



i=l 

while the skew- symmetric part of £ is 

A & - d 



C° w (/,9)= / E a i , j d i fd j gdx+ fj2 b -^djgdx 

J ij=i J i=i 

E^ — % ~2 — id *9 dx - 

i—l 

The symmetric part can be written as £l yl "(f,g) = £l(f,g) +£* ym (/<?j 1); where 
£% is the strictly local part 



£l(f,9)= / E aijdifdjgdx. 
J i,i=l 

The skew- symmetric part can be written as fj kew (/, g) = C(f,g) + lZ(f,g) with 

£(/,<?) = / E ^fdjgd^ [£h^i difgdtl . 

ij'=l J i=l 

In the context of this paper, the coefficients {aij), (di), c can oe allowed to 
be functions of the time-space variable (t, x) so i/ioi t/ie /orm above would 
also depend on t. In this example, if all coefficients are bounded measurable, 
the underlying domain T is the first Sobolev space and Assumption is satisfied 
(with respect to that space). 

Remark 1.13. Condition (i) and (ii) in the above example is equivalent to 
(ii') There are positive constants ko, Kq such that 

I E < tfoKHCI for all £, C G R" 

and 

A-.,;'- - E foralUeM™. 
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1.3 Some algebraic computations 

Let £* be a form satisfying the structural hypotheses of Assumption 0. Let 
e > 0. For any non-negative function u e J r loc (X), set u E = u + e. When we 
consider only non-negative powers of u or when u is locally uniformly positive, 
we may let e be equal to zero. For a positive integer n, let 

u n = u £tTl = (u + e) A n. 

Lemma 1.14. Let 0<«e T loc (X) and pel. Then uu p n e T loc (X). 

Proof. It suffices to prove the claim for < u G T . For any m > n, we have 

El(u m u p n ,u m u p n ) = I dT r (u m u p ,u m u p ) + dT^(u m u p ,u m u p ) 

J {u+e<n} J {u+e>n} 

= [ dr*(u p+1 ,u p+1 ) + n 2p f dT*(u m ,u m ). 

The right hand side is uniformly bounded for all m > n. Thus, letting m — > oo, 
we obtain that £1(1111%, uufj < 00. Clearly, u m u p n also converges in L 2 . This 
finishes the proof. □ 

We will apply the following lemmas only in the case when <ff*(V', ip) < cd/j, 
for some constant c <E (0, 00). 

Lemma 1.15. Let^j e T c {X)r\L°°(X). Let < u e T loc (X)nL? o c (X, dI\(V>, ip)). 
Let pet. Then uu^ip 2 E T C (X), and for any k > it holds 

(1 - p)£l{u,uu p - 2 i> 2 ) <Ak I u 2 u p - 2 dT^,i,)+ |1 ~ P|2 / ^ 2 u p - 2 dT*{u,u) 



+ (i-p)(p-2) /" ^ 2 <- 2 dr,K, u „) 

- c (l-p)(p-2) / V 2 <- 2 rfT*K,u„) 



+ J yJ 2 u p - 2 dT4u,u). (1.4) 

Proof. We first consider the case that u is bounded. 

(i-p)£;(u,uup-V)=2(i-p) y ^r 2 dr,( u » 

+ (i-p)(p-2)J U <-Vdr.(«,«n) 
+ (i-p) / <- 2 v 2 dr*(u,«). 



The first integral on the right hand side can be estimated using Cauchy-Schwarz 
inequality. Due to the strict locality, the second integral is equal to 

y uu p ~ 3 ip 2 dT*(u + e-u n ,u n ) + J uu p ~ 3 ip 2 dT*(u n ,u n ) 
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= J u p 2 ip 2 dr r (u n ,u n ) - e J \p 2 u p 2 dT lf (u n ,u n ). 

This proves the assertion when u is bounded. 

If u is unbounded, apply the assertion (|1.4I) with u replaced by u m and let 
m —> oo. Because u € L 2 ac (X,dT^(ip,ip)) by assumption, the right hand side of 
the inequality stays bounded as we let m —> oo. This shows that uu^ 2 ip 2 is in 
Fi oc {X) and that the inequality (11.41) holds also for unbounded u. □ 

Lemma 1.16. Let 0^p€l. Let ip e J"„(X) n L°°(X) and < u e Jl„ (-X") n 
Lf oc (X,<ff\,(V>,V>))- I%en 

c™(u, M <-v 2 ) =c e >«?^?V) + ^£r w (< /2 x 7 V) 

p 

Proof. Approximating u by u m (and taking the limit as m — ¥ oo) if necessary, 
it suffices to prove the assertion for bounded u. We have 

e : kow (u, w<- 2 v> 2 ) =£(«, + ftfa V) 

=£(u, «<~ V) - £(u<~ 2 , ui, 2 ) + n(u 2 u p n - 2 , v 2 ) 

= -£( H r 2 , M V)+K( U 2 <- 2 i 2 ). 

We consider the two terms on the right hand side separately. Due to the strict 
left-locality and the chain rule, we have 

-£«-VV) = -A<- 2 ,^ 2 ) 

=(2-p)£( Un ,<"V) 
- 2(2 ~ p) -£«/ 2 ,</V) 



P 

2 



™«V 2 , 1) + ^-^(</ 2 , </ V)- 



P P 
Furthermore, by the product rule, 

K{u 2 u p - 2 , ip 2 ) =K{u 2 u p - 2 , V> 2 ) + n{uun^^ 2 ,uu^) + £(ra„^ , to^ ^ 2 ) 

p — 2 p — 2 

=ff aw (uu„ 2 ,uu„ 2 V 2 )- 



□ 



1.4 Assumptions on the forms 

In this section, we consider families of time-dependent forms each of which is of 
the type introduced in Assumption 0. 

For every t € K, let (£ t , J 7 ) be a (possibly non-symmetric) local bilinear form. 
Throughout, we assume further that for every f,g £ J- the map t H ► £ t (f y g) is 
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measurable and that, for each t, £ t satisfies the structural hypotheses introduced 
in Assumption 0. In particular, for every t G K, 

/, g G J 7 , fg G J- c extends to J- x T as a symmetric regular, strictly local 
Dirichlct form with domain T and energy measure T t . 

Assumption 1. (i) There is a constant C\ G (0, oo) so that for all t G M 
and all f,g G FC\C C {X). 

Cf 1 J f 2 dT(g,g)< J f*dT t (g,g)<C 1 / f 2 dT(g,g), 

where T t is the energy measure of £ | . 
(ii) There are constants 62,63 G [0, 00) so that for all t G M and all f G 

Tnc c (x), 

\£? m (f, 1)1 < 2 (/ Z 2 ^) 2 J dT(f, f) + C 3 J fdfx 
(Hi) There are constants C4, C5 G [0, 00) such that for all t G K and a^/ /,j 6 

Jnc c (i), 



|£f ow (/,/5 2 )| <2 (/ / 2 dr( ff , 5 )j (^c 4 y . 9 2 rfr(/,/) + c 5 y /V^ 

Assumption 2. There are constants C*6, C7 € [0, 00) sucft iftai /or oiZ £ € R, 

1 i 

|fr w (/,r x 5 2 )| <2^ dr^^y (c 6 1 5 2 dr(iog/,io g /) 



2^ dT(g,g) + J g 2 dT(\og /, log /)V (c 7 | ff 2 a> 



/or .g G J" c n L°°(A) and all < f € J" loc urcift / + G L»(X). 
Remark 1.17. (i) Assumption [lji) holds if and only if for all t G R and all 

/eJnC c (J), 

C^ 1 £(fJ)<£l(f,f)<C l £(fJ). 

See, e.g., [22] , 
(ii) A consequence of Assumption [T] is that 

£*(/, /) = £i(f, f) + snf, !)>-<*/ / 2 ^, 
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where a = (4CiC 2 + C 3 /(CiC* 2 )) if C 2 > and a = 2C 3 if C 2 = 0, for 
all t € K and all / £ J 7 n C C (X). Hence, the form £ t (f,g) + ct J fgdfx is 
a coercive closed form with domain T . Further, this form (hence also £t) 
preserves positivity (i.e., the associated semigroup preserves positivity). 
See [21] ■ 

(iii) The forms £t satisfy the above assumptions if and only if the adjoint forms 
£**(/> SO : = £t(gj) satisfy them. 

(iv) If Assumption[lJiii) is satisfied with C4 = 0, then Assumption [2J is satisfied 
with Cg = 0. To see this, apply Assumption QJiv) to £ t skcw (/, f~ 1 g 2 ) = 

£f 8w (/,/(r 1 <?) 2 )- 

(v) Assumptions [T] and [2] are satisfied by the classical forms on Euclidean 
space associated with Examplc l 1 . 1 21 when all coefficients are bounded. The 
constants C4, C§ can be taken to be equal to only if (<ij,j) is symmetric, 
and C 2 , C5, C7 can be taken to be equal to only if hi — di = for all i 
(i.e., if there is no drift term). 

Remark 1.18. Let ip G T C (X) n L°°(X), and ^ u £ T lac {X) with u + u" 1 £ 
L™ C (X). Let Then it follows from Assumption [T] Lemma \l . 151 and 

Lemma \1 . 161 that there is a constant fe > 1 such that for all t £ K, 



^£ t (u,u p -V 2 ) <fc / M p dr(^>)-T (1 / ip 2 dT(u p/2 ,u p/2 ) 

2 J k p 

k(p 2 + 1) / m p V 2 4*- 



This is the strong uniform parabolicity condition (SUP) in [35] except for the 
zero order term (p 2 + 1) j u p ip 2 dfi. Note that a first order term in the non- 
symmetric form £ t creates the factor [p 2 + 1), rather than ±(p — 1) as was 
claimed in |35) . 

In addition, Assumption [2] is the needed replacement for (SUP) whenp = 0. 
Definition 1.19. Suppose Assumption [1] is satisfied. 

D(L t ) = {f G J- : g n- £ t (f,g) is continuous w.r.t. || • ||l 2 (x) 071 -^(A)}. 
For f £ D(L t ), let L t f be the unique element in L 2 (X) such that 

- J Ltfgdfi = 8t(f,g) for all g £ F C {X). 

Then we say that (L t , D(L t )) is the infinitesimal generator of (£ t , !F) on X. 

See, e.g., [6j Section IV.2].[20], Note that, by Remark ll.lTl ii). for each fixed 
t, the semigroup generated by L t is positivity preserving. 

In the next subsection, we will need the following Lemma (as well as simple 
variants that are omitted). 
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Lemma 1.20. Suppose Assumption [T] is satisfied. Let 1 / p e M. Let ip € 
.F C (A) n L°°(X) and 0<u€ J 7 loc (X). Suppose u is locally bounded. Then for 
any t G M, k > 1, 

|£ t (^rV)l <l J ufdr(^) + |^^ | ^r 2 dr( Ue , Ue ) 

+ 2(C 2 + Of + C 5 )fc y u^ 2 rfM- 

Proof. Observe that 

i£ 4 ( £ , M rv 2 )i = e |^"(i,<-v 2 )+fr(i ; «rv 2 )i. 

We apply Assumption HJiii) with / = 1 and g = u E 2 tjj. 

i 

<^ I eu p - l dT{iP^) + ^ J e^ 2 dT{u7^ ,u7^) 

l„/.2. 



+ /cc 5 y evp-^dv 



for any A: > 0. Here we used the Cauchy-Schwarz inequality (jl.ip . the chain 
rule for T and the fact that e < u e . 

p-i 

Next, we apply Assumption [Tf ii) with / = u e 2 ip. 

e |£r(i,urV)i 

Now the right hand side can be estimated using the Cauchy-Schwarz inequality 
(jl.lj) . the chain rule for T and the fact that e < u e . □ 

1.5 Local weak solutions 

For a time interval / and a Hilbert space H, let L 2 (I — > H) be the Hilbcrt space 
of those functions v : I — > H such that 



1/2 

< oo. 
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We say that a function v € L 2 (I — » i?) has a distributional time-derivative 
that can be represented by a function in L 2 (I — > H), if there exists v' <G L 2 (I — > 
ff ) such that for all smooth compactly supported functions <j> : I H we have 

J^(t), «(t)J dt = -J (v'(t), <t>(t)) H dt. 

Let W 1 ^ — >• i/) C L 2 (I -> 7?) be the Hilbert space of those functions v : I ^ H 
in i 2 (7 — > iJ) whose distributional time derivative u' can be represented by 
functions in L 2 (I H), equipped with the norm 

\\v\\ WHI ^ H) = (^jHt)f H + \\v'(t)f H dtj ' <oo. 

cf. naEi]. 

Let 

F(I x X) = L 2 (I -> F) n W 1 ^ -> J 7 '), 

where F' denotes the dual space of F. We note that it is well known (and easy 
to see since L 2 (X,dfi) is separable) that L 2 (I — > L 2 (X,dn)) can be identified 
with L 2 (I x X, dt x d[i). Indeed, continuous functions with compact support in 
I x X are dense in both spaces and the two norms coincide on these functions. 
We recall the following fact from [29j Lemma 10.4], 

L 2 (I -> F) n W\I -> F') C C(J -> L 2 (X,fi)). 

Therefore, a function u G F(I x X) can be considered as a continuous path 
1 i-» •) in L 2 (X,ii). 

Let [/clbe open. Let 

•FiooCT x 

be the set of all functions u : I x U — > R such that for any open interval J that 
is relatively compact in I, and any open subset A relatively compact in U, there 
exists a function u$ G .F(J x J7) such that u B = u a.e. in J x A. 
Let 

.F C (J x U) = {u E F(I x U) : There is a compact set K C U that contains the 
supports of u(t, •) for a.e. t G I}. 

Definition 1.21. Let I be an open interval and U open. Set Q = I x U . A 
function u : Q — > R is a local weak solution of the heat equation J^u = L t u in 
Q,if 

(i) u G F loc (Q), 

(ii) For any open interval J relatively compact in I, 

V</>G.F C (Q), J^u,cf^ dt + J^£ t (u(t,-),cj > (t,-))dt = 0. (1.5) 
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Remark 1.22. We will abuse notation in writing J -j^ucfrdp, for the pairing 

Definition 1.23. Let I be an open interval and U C X open. Set Q = I x U . 
A function u : Q — > K is a local weak subsolution of J^it = L t u in Q, if 

(i) u G ?UQ)> 

(ii) For any open interval J relatively compact in I, 

V0e j;(Q),0> 0, J \§j.»>y dtdt + J S t (u{t,-),(t>(t,-))dt<0. 

(1.6) 

M^e also wri£e < i(U weakly in Q to indicate that a function u is a local 
weak subsolution in Q. 

A function u is called a local weak supersolution if —u is a local weak sub- 
solution. 

Remark 1.24. If u is a local weak solution in Q then \u\ is a (non-negative) 
local weak subsolution in Q. 

Let Lf oc (I — > F) be the space of all functions u : I — > J- such that for 
any open interval J relatively compact in J, and any open subset A relatively 
compact in U, there exists a function G L 2 (I — >• F) such that = u a.e. in 
J x A. 

Lemma 1.25. Suppose that for any compact set K C U there exists a cut-off 
function ip G T such that < ip < 1, ip = 1 on K , %j) has compact support in 
U , and tpf G T for all f G J 7 . A function u : I — > J- is a local weak solution of 
J^u = L t u on Q — I x U if and only if 

(i) u G Lf oo (I ->■ F), 

(ii) 

~l\^ U ) dt + ^£ t (u(t,-),<f>(t,-))dt = 0, (1.7) 

for all 4> G J-(Q) with compact support in I x U. 

Proof. See Lemma 5.1]. □ 

Remark 1.26. Assumptions A1-A2 of Section T2.ll imply existence of cut-off 
functions as needed in Lemme 11.251 
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1.6 Estimates for subsolutions and supersolutions 

Let d be a metric on X and assume that open balls B(x, r) — {y £ X : d(x, y) < 
r} are relatively compact. 

Fix a parameter t > 0. Let B = B(x, r) C X, s £ R. For cr e (0, 1), set 

I a = (s — arr 2 , s) 

= (s — rr 2 , s — rr 2 + arr 2 ) 

Q = Qi T > x i s j r ) — i s — r7 * 2 , s ) x i r ) 

Q~ = (s — arr 2 ,s) x B(a;, err). 

= (s — rr 2 , s — rr 2 + err 2 ) x B(x, err). 

Let < cr' < o- < 1 and u = a - a'. Let tp G ^(5) be such that < tp < 1, 
supp(-0) C crB, ^ = 1 in cr'B, and dT(ip,ip) < cd\i for some c € (0, oo). Let 
X be a smooth function of the time variable t such that < x ^ 1; X = 
in (— oo,s — errr 2 ), x = 1 in (s — a'rr 2 , oo) and < x' < 2/(wTr 2 ). Let 
dp, = dfi x dt. Recall that for u £ J- loc (X) we set w n = u £i „ = (u + e) A n. 



Lemma 1.27. Suppose Assumption!]] is satisfied. Letp > 2. Letu £ J- loc (Q) be 

d_ 

dt ' 



a non-negative subsolution of the heat equation for L t in Q, that is, -Sru < L t u 



weakly in Q. Suppose ipu p / 2 £ L 2 (I a -» L 2 (B)). Then there are a± £ (0,1), 
A\,A2 £ [0, oo) depending on C\ - C5 such that 

sup / u p ip 2 dn + ai [ [ ip 2 dT(u p/2 ,u p/2 )dt 

<A 1 {p 2 + l) [ u p dT{^^)dt 

+ (a 2 (C 2 + C 3 + C 5 ) + -?—) (p 2 + 1) / u p ip 2 dfidt. (1.8) 
V UTr J Jq« 

Proof. We follow pQ. In this proof we consider only non- negative powers of u n , 
hence we may let u n = u n fi. Let 



H(u) 



\u 2 u p - 2 ,i£u<n 
-u 2 u p ~ 2 , if u > n. 



\ 2' 

Since j^u < L t u weakly in Q, we have for any to £ I a > and J = (s— -M^rr 2 , to), 

J J ^- t ( X H(u)^ 2 )dndt= J J ^uu p - 2 X ^ 2 dfidt + J J x"H{u)^ 2 d^dt 

< - I £ t {u,uu p - 2 x^ 2 )dt+ f [ X "H{u)^ 2 dfidt 
J j J j J 

<- J £l(u,uu p - 2 x^ 2 )dt~ J £?™(u,uu p - 2 x^ 2 )dt 

(1.9) 
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By Lemma 1 1.1 51 and Assumption l(i), we have for any k\ > 0, 



- (p- 2) J u^ 2 x^ 2 dT t {u ni u n ) - J u^ 2 x^ 2 dT t (u,u) 

<jztJ u a <- a x^^) + (p " fa 1)Cl / «?TWdr(«,«) 
-(p-2)c 1 - 1 / <-Wrfr( u „, u „)- /" cr'cVdr^u). 

By Lemma 11.161 and Assumption l(iii), we have for any &2, &3, &4 > 0, 

p 

<k 2 J u 2 uP n - 2 xdT^^)+ (k 3 ^^- + ^\ J < X dT0M) 

+^y n 2 <-^ 2 X dM+ y <v 2 x^. 

By Assumption 1(h), we have for any fcs > 0, 

-£rV<- 2 xV 2 ,i) <^ J u 2 ui~ 2 x dv(i,^) + Ay ^^(m^ 2 ,™^) 

+ (C 2 k 5 + 2C 3 ) J u 2 uP n ' 2 ^ 2 x dfi. 
Hence, inequality (|1.9|) gives 



-sup J<U{u)^ + *— Jf J i> 2 v?- 2 dT{u n ,u n )dt 
+ ^Clj i J <- 2 ^ 2 dT(u.u)dt 

^(^ + fc + 5)i/^'* )dt 
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fc 3 ^-^ + ^l / / u p dT(^)dt 



p 2 k. 



fe 2 ^5 

k 3 k A 



ip dT(uu n 2 ,uu n 2 )dt 



^ 2 dT(u p J 2 ,u p J 2 )dt 



h 65/C4 ; 

K3 F 



+ C^—f- ) I I U^dfl. 



Letting n tend to infinity, we get 

1 / ,/',-',/„ . i !. / / ,--'„/' ~, 



sup — / u p V dfj,+ ^—- / / ^vP- z dY{u,u)dt 
tei„i 2p J 2Ci J j , J 

(p-l)C, /C. , 2 , C 4 , 2W\ / /, ..,„ : 



fci V fc 2 k 5 k 3 ki 

\2 



iP 2 u p - 2 dT(u 7 u)dt 



+ (^ + C 5 k 4 { ^^- + + C 2 k 5 + 2C 3 + -1^) [ [ ^uPdfi. 
\ k 3 p 2 k 2 LUTT J J Ia J 

Appropriate choices of ki,k 2 ,k 3 ,k4, k$ finish the proof. □ 

Lemma 1.28. Suppose Assumption Q] is satisfied. Let p G (1 + 77,2] for some 
small 77 > 0. Let u € J~ lac {Q) be a non-negative subsolution of the heat equation 
for L t in Q, that is, J^it < L t u weakly in Q. Suppose that u is locally bounded. 
Then there are a% € (0, 1), A\, A 2 , A 3 G [0, 00) depending on C\ - C5 and rj such 
that 

sup f u p ^ 2 d f i + a 1 [ [ ^ 2 dT(u p/2 ,u p/2 )dt 

<Ai(jj 2 + 1) f u p dT{ijj^)dt 

+ (a 2 (C 2 +C 3 + Cj + C s ) + -^-] ( P 2 + 1) / u p i> 2 diidt. (1.10) 
V urr 2 J J Q - 

Proof. We follow pQ. Since Jjit < L t u weakly in Q, we have for any to G I a <, 

pLJ §i^^ 2 ^ dt =JJ ^y p - 1 x^d^dt + J J ^u^dfidt 
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El^{u e ,vP- 1 x^ 2 )dt+ / / —uffldfidt 
+ J Stis^X^dt. (1.11) 
By Lemma 11.151 and Assumption l(i), we have for any k\ > 0, 

-£!(u s , u p- 1 xi> 2 ) 

J uP eXdTM^) + ^- J uP- 2 X ^dT t (u E ,u E ) 
-(p-1) / uP e - 2 X^ 2 dT t (u e ,u e ) 
-T^T J <XdV{^)+ i ^^ J ur 2 X^ 2 dT(u e ,u e ) 



-(p-l)C- 1 / uP- 2 X ^dT(u £l u £ ). 
By Assumption l(ii), we have for any k 2 > 0, 

\£rKx^ 2 A)\ <^r [ u§ X dT(^) + £- [ ^u p - 2 xdT(u £l u £ ) 



2k 2 „ 

+ (C 2 k 2 + 2C 3 ) J uP x ^ 2 dfi. 
By Lemma 11.161 and Assumption l(iii), we have for any k%, ki > 0, 

By Lemma ri.2Q[ we have for any fcg > 0, 

+ (C 2 + + C 5 )fe 5 f u p £ ^ 2 dfi. 
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Hence, inequality (jl.lip gives 

SUP J yU P e i> 2 dH + (p - y y ^^r^r^e, 

(p-l)Ci p 2 C 4 p 2 (p^in /• /• /2 p _ 2 _ w . 



(C +—?—)u p s i>' 2 d»dt, 



where C" = C* 2 fc 2 + 2C* 3 + § + C 5 fc 4 ^^- + (C 2 + C 3 2 + C 5 )fc5- Taking the limit 
as £ — > and appropriate choices of ki, k 2 , fe, &4, fcs finish the proof. □ 

Lemma 1.29. Suppose Assumption [TJ is satisfied. Let 0^p£ (— 00, 1 — 77) for 

some small rj > 0. Let u £ J~i oc {Q) be a non-negative supersolution of the heat 
equation for L t in Q, that is, J^u > L t u weakly in Q. Suppose that u is locally 
bounded. 

(i) Lf p < 0, there are a\ € (0, 1), Ai,A 2 € [0, 00) depending on C\ - C5 such 
that 

sup f u p ijj 2 d^ + a l [ [ ^ 2 dT(u p J 2 ,u p E /2 )dt 



<Ai(p 2 + l) / u p dT{^,^)dt 
+ (a 2 (C 2 + C 3 + Ci + C 5 ) + ^—^j (p 2 + 1) y u^dfxdt. (1.12) 

(ii) Lf p £ (0, 1 — rj), there are a\ 6 (0,1), Ax,A% € [0, 00) depending on C\ - 
C5, 77 such that 

sup / u p e ip 2 dfi + ai [ [ ^ 2 dT{u p J 2 ,u p J 2 )dt 
tei + , J Ji + , J 

<Ai(p 2 + l) / u P dT(iP,il>)dt 

A 2 {C 2 + C 3 + C\ + C 5 ) + {p 2 + 1) / u&dfxdt, (1.13) 

ujrr 2 J J Q + 

Proof. Before we consider the cases p > and p € (0, 1 — 77) separately, we first 
show some estimates that hold for any p. 

Applying Assumption l(iii), we obtain that for any ki, k 2 , k 3 > 0, 

2\£?™(uf 2 ,u p/ V)\ + \2-p\\£?™(u p E x^, 1)1 + \p\\£?™(e,v?-\^)\ 
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+ C 6 Q- + |2 - p\ 2 k 2 + \p\ 2 k^j J ufxW 



By Assumption l(ii), we have for any > 0, 



^/^ #(ll?/2 ' u?/2) (L15) 



+ (C 2 fc 4 p 2 + 2C 3 b|) / ufx^V 
By Lemma 11.151 and by Assumption Q71) , we have for any k§ > 0, 



-( 1 -^)T5r/* Vr( "- ,2 '»^ (L16) 

Now we consider the case p < 0. Since —j^u < —L t u and by Lemma 11.161 
and Assumption [T] we have for any to € /o-' and J = (s — li^rr 2 ,^), 



u p eX ip 2 dfi ) dt 



d_ 

at 



<pj £{u,u p E - 1 X ip 2 )dt + J J X 'u p e ijj 2 dndt 
<\ P \ Jj£l(u £ ,uP~ 1 X ip 2 )\dt + J J x'u^dfidt 
+ 2 / \£t~(u p / 2 ,u p / 2 X ^ 2 )\dt+\2-p\ f \£?™(ul X ip 2 ,l)\dt 

+ \ P \ [ \£?™{e,v?- l xi> 2 )\dt + \p\ [ ^riuur'x^.mt. 



The proof of (|1.12p can now be finished similarly to the proof of Lemma 11.271 
and Lemma [1. 281 by using the estimates (I1.14[) , (|1.15[) . and (|1.16l) . 

Note that the estimates (|1.14|) . (11.151) . (|1.16l) hold in fact for any non- negative 
function of the time- variable. For the case p £ (0, 1 — 77), let x be such that 
< X < 1, X — in (s — (1 — (t)tt 2 , 00), X = 1 m (~°°! s ~ (1 — < 7 ') Tr ' 2 )i an d 
> x' > -2/(Wr 2 ). 
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Since — J^-u < —L t u and by Lemma ll.l6l and Assumption [TJ we have for any 
t Q £ /+, and J = (to, a), 

J u p E xip 2 df?J dt 

= -pJJ lur 1 ^*- / x'u p e i> 2 dfidt 

<pj S^ur^dt-j J x'u P ip 2 dfidt 
<p J^l(u £ ,ul- x X ^)dt- J J x'u^ 2 d^dt 



+2 y ifrwwv^+iz-pi jjet v (u p e xi> 2 ,i)\dt 

+ p [ \ef-(e,ul- l X ^)\dt+p [ ^(uvP-^A^dt. 



The proof of (|1.13p can now be finished similarly to the proof of Lemma 11.271 
and Lemma rOSl by using the estimates ([03)1 . (fl~T5)l . and (fTTT5|) . □ 

2 Parabolic Harnack inequality 

2.1 Assumptions on the underlying space 

The intrinsic distance d :— dg induced by (£,.?") is defined as 

d s (x,y) :=sup{/(x)-/(y) :/e ^(I)nC(I), dT(/, /)<<*>} , 

for all x, ?/ € X, where C(X) is the space of continuous functions on X . Consider 
the following properties of the intrinsic distance that may or may not be satisfied. 
They are discussed in [36l [34] . 



The intrinsic distance d is finite everywhere, continuous, and defines 

the original topology of X. (Al) 

(X, d) is a complete metric space. (A2) 

Note that if (Al) holds true, then (A2) is by [36j Theorem 2] equivalent to 

Vx E X, r > 0, the open ball B(x,r) is relatively compact in (X,d). (A2') 

Moreover, (A1)-(A2) imply that (X, d) is a geodesic space, i.e. any two points 
in X can be connected by a minimal geodesic in X. See [36l Theorem 1]. If 
(Al) and (A2) hold true, then by [3H Proposition 1], 

d £ (x,y) :=sup{f(x)-f(y):feFnC c (X), dT(/, /) < d/x}, x,y E X. 
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It is sometimes sufficient to consider property (A2) only on an open, connected 
subset Y of X, that is, 

For any ball B(x, 2r) C Y, B(x, r) is relatively compact. (A2-Y) 

Note that an open set Y such that Y is complete in (X, d) automatically satisfies 
(A2-Y). 

Definition 2.1. (£,J~) satisfies the volume doubling property on Y, if there 
exists a constant Dy € (0, oo) such that for every ball B(x, 2r) C Y , 

V(x,2r) < D Y V(x,r), (VD) 

where V(x,r) = fi(B(x,r)) denotes the volume of B{x,r). 

Definition 2.2. (£,J-) satisfies the Poincare inequality on Y if there exists a 
constant Py € (0, oo) such that for any ball B(x, 2r) C Y , 

V/ G F, [ |/ - f B \ 2 dii < P Y r 2 [ dT(f, /), (PI) 

J B(x,r) JB(x,2r) 

where f B = yjkj) $B{x,r) is the mean °f f over B {x,r). 

Definition 2.3. {£,J~) satisfies the localized Sobolev inequality on Y if there 
exist constants v > 2 and Sy > such that for any ball B = B(x,r) with 
B(x, 2r) C Y, we have 

iSr w^(L dr{fJ)+r ~ 2 L fdi ')- (2S> 

for all f e T C {B). 

Theorem 2.4. Let {X,n,£,T) be as above and Y C X. If (Al), (A2-F), 
volume doubling and Poincare inequality hold on Y , then the localized Sobolev 
inequality holds on Y . 

Proof. See [371 Theorem 2.6]. □ 

In what follows we will consider the following assumptions where Y is a fixed 
open subset of X. 

Assumption 3. The form (£,J-) satisfies (Al), (A2-Y), and the Sobolev in- 
equality on Y . 

Assumption 4. The form (f,^ 7 ) satisfies (Al), (A2-T) 7 volume doubling on 
Y and the Poincare inequality on Y . 

Remark 2.5. Assumption [3] implies the volume doubling property on Y. See, 
e.g., 03 Theorem 5.2.1]. 
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2.2 Mean value estimates 

We follow pQ and [35]. In this section we suppose that Assumption Q] holds true 
and that Assumption [3J is satisfied on the open set Y. We use the notation of 

Section [H Let A' 2 = A 2 (C 2 + C 3 + + C* 5 ). Fix a ball B = B(x,r) with 
B(x, 2r) C Y. Let ip be the cut-off function 

tp = max{0, (<rr-de(x,y))/(ur)} A 1. (2.2) 

Then < if) < 1, supp(^) C aB, ip = 1 in a'B, and by [3J1 Section 4.2] 
V> e ^ C (S) and 

Theorem 2.6. Suppose Assumptions [T] an<i[3] are satisfied. Let p > 1 + r/ for 

some small 77 > 0. Fix a ball B — B(x,r) with B{x,2r) C Y and t > 1. Then 
there exists a constant A = A(t,p,t],Ci — Cg) such that, for any real s, any 
< 6 < 5' < 1, and any non-negative function u G ^F\oo{Q) with J^u < L t u 
weakly in Q = Q(t, X, s, r), we have 



< PX < AS^ 2 [(A 1+ A' 2 rr 2 )(p 2 + 1)}^/ 2 f 

sup{u p } < Y - — — / u p dn, (2.3 

q- (5' - Sy+»r 2 V(x,r) J Q - 

where v, Sy are the constants of the localized Sobolev inequality (|2.ip . 

Proof. For simplicity, we assume that r = 5' = 1. First, consider the case 
p > 2. Let E(B) = S Y r 2 V(x,r)- 2 / v be the Sobolev constant for the ball B 
given by (|2.1|) . and set (3 = v/(v — 2). By the Holder inequality, we have for 
any v £ F C {B), 



L 



So, (HU) gives 

2/1/ 



(2.4) 



y w 2(i+2/-) rfAi < dr{v, v )+ r - 2 J v 2 d^j (J v 2 dn 

Let u> = ipu. Since u is a local weak solution, u £ L 2 (I — > J 7 ). Hence, 
ui G £ 2 (-f — > J~ C (B)). In particular, for any t, v = wit,-) is in J- C (B) and 
satisfies (|2.4p . Integrating over i^/ and applying Holder inequality, we get 

/ / w 2e dfidt <E{B) I / / dT{w,w)dt + r- 2 I I w 2 d^dt) 
Ji a , Jb \Jia> Jb Ji a , Jb J 

sup ( [ w 2 c?/i) , (2.5) 
tei„, \Jb J 
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where 9 = 1 + 2/ 'v. Note that the right hand side is finite by Lemma [1.271 
Thus, w e e L 2 (I a : -> L 2 (B)). Applying Lemma IL27I we obtain that w° € 
I? {1^11 F {B)) for some < a" < a. In particular, u e £ L 2 (I a „ F{a"B)). 
Similarly (using a cut-off function that takes the value 1 on cr-B), one can show 
that v? € L 2 (l a -} T(aB)). Hence, w = i>u e is in L 2 (I„ -» F {B)) and satisfies 

USD . 

By an inductive argument we obtain that, for any g > 1, ipu pq / 2 is in L 2 (I a — > 
J" e (B)) and satisfies ([23]) . Recall that dT(ip,il>) < j^d^. Thus, 



u pqe dfi = J J (im^ 2 ) M dfi 
<E{aB)( f f dT(ilm pq/2 ,ipu pq/2 )dt + r- 2 f [ ^ 2 u pq dji 

\Jl„, JaB J I, JB , 



sup 

v t6/„/ JaB 



2/v 



ip 2 u pq dn 



<E{°B) {0^Ui + A' 2 r 2 )(p 2 + 1)] J j u pq df^j , (2.6) 

for some constant C > 0. Observe the different roles of p (which is fixed) and q 
(which will be absorbed in the constant A l+1 below). 

Set uJi = (1 — 5)2~ l so that Y^tLi w i = 1 — S- Set also <t = 1, <?i+i = 
<7j - Ui = 1 - Wj. Applying (12"1)1) with q = g, = 6> s , cr = Oj, cr' = er i+ i, we 

obtain 



<B(fl) ^ I+1 [(l - <5)r]- 2 [(^! + A' 2 r 2 ){p 2 + 1)] / / u^'d/i 
where the constant .A depends on 8. Hence, 

g-l-i 

U^dp] 



< ([(l - i) r ]- a P! + ^r 8 )^ + 1)]) E8 "' f [ u p dfl, 



Q 

where all the summations are taken from to i. Letting i tend to infinity, we 
obtain 

supK} < E{BY' 2 (a[(1 - ^r]- 2 -"^! + A' 2 r 2 ){p 2 + l)] l +»' 2 ) \\u\% Q . 
As E(B) = S Y V(x,r)- 2 / v r 2 , this yields 
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At this stage of the proof, Corollary 12.81 already follows. Thus, in the case 
1 + 77 < p < 2 the assertion can be proved similarly, by using Lemma 11.281 and 
Corollary EH □ 



Remark 2.7. For < p < 1 + 77, an estimate similar to (12.31) for subsolutions 
holds true with constants depending on p. See Theorem 2.2.3, Theorem 
5.2.9]. 

Corollary 2.8. Any non-negative local weak subsolution u of J^u = L t u on Y 
is locally bounded. 

Theorem 2.9. Suppose Assumptions Q] and [3] are satisfied. Let p € (— 00, 0). 
Fix a ball B = B(x,r) with B(x,2r) C Y and let r > 0. Then there exists a 
constant A = A(r, v, C\ — C5) such that, for any real s, any < 8 < 8' < 1, and 
any non-negative, locally bounded function u € J-i oc (Q) with J^u > L t u weakly 
in Q = Q(t, x, s, r), we have 



supju^} < 



ASy 2 [(Ai + A' 2 Tr 2 )(p 2 + l^+'Va 
(£/_ S) 2 + v r 2 V(x,r) 



u P dfi. 



The above theorem can be proved analogously to the proof of Theorem 
by applying Lemma 11.291 instead of Lemma 11.271 

Theorem 2.10. Suppose Assumptions [1] and [3] are satisfied. Fix a ball B = 
B(x,r) with B(x,2r) C Y and let r > 0. Set 6 = 1 + 2/v and fix p G (0,0). 
Then there exists a constant A = A(pq,t,v,C\ — C5) such that for any real s, 
< 8 < 8' < 1, < p < pa/0, and any non-negative, locally bounded function 
u G J r i oc (Q) with J^it > Lu weakly in Q = Q(r,x, s, r), we have 



Qt 



u Po dp 



< 



AS^ 2 [(A 1+ A' 2 Tr 2 )(p 2 + l)}^/ 2 
(5' _ Sf+v r 2 ii(B) 



1 i_ 

P PO 



u p d^L 



Proof. We follow [32j Theorem 5.2.17]. For simplicity, we assume for the proof 
that t = 5' = 1. Let < p < po/0. By Lemma H .291 we have 



sup I J u p tp 2 d^ + ai J ip 2 dr{u p J 2 , u p J 2 )dt 



<^i(^ + 1) / u p dT(iP, $)dt + A 2 {C 2 + C 3 + Ci + C b ){p' + 1) / u P ip dp,. 

Similar to the proof of Theorem 12.61 but with the cylinders Q~ replaced by Q+, 
we find that for any < f3 < po/0 < L 



f 4 dp < E(B) 



A 



(ru))' 



■[(A 1+ A' 2 r 2 )((3 2 + 1)} 4dji 



(2.7) 



where E(B) = S Y r 2 V{x,r) 



-2/v 
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Define pi = po9 % . We first prove the claim for these values of p, using 
the same iteration as in the proof of [32j Theorem 2.2.5]. Set <tq = 1 and 
oi-x-oi = 2~ l (l-5). Fixi > 1, and apply ([22]) with /3 = pjfl 3 ' -1 , j = l,2,...,i, 
a = o"j_i, a' = <7j. This yields for all j = 1, . . . ,i (note that A may change from 
line to line), 

/ u^d{i<E{B) A'[(l-5)r]-\A l+ A' 2 r 2 ){pl + l)] f u^dfi 



Hence, 



u p E °dji<C[ / uP'dfl 
where 

G = E(B^ 03 A^^ eJ+1 (J(l - 5)r]- 2 [{A 1+ A' 2 r 2 )(pl + l)]) E ^ e3+ \ 
Observe that 

i— 1 

E^ = TZT = (f/2)(po/ft-l), 
i=o 

j=o i=o fc=o i=o v ' 

< (0/(0 - l)) 2 9 1 - 1 < (8/(9 - l)) 2 (v/2)(0 l - 1) 



< (d/(6-l)) 2 (v/2)(p / Pl -l), 



and 



Thus, 



where 



ffi = 1 - [ 2 ~ j ) C 1 - <*) > < 5 ' 



+ 



' = (25(B)A([(1 - <J)r]- 2 [(A + ^r 2 )^ 2 , + i)]) e ) 



2 V Pi po , 



To obtain the inequality for any p 6 (O,po/0), see [32l Theorem 2.2.5]. □ 
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2.3 Parabolic Harnack inequality 

Suppose that Assumptions [TJ [2] and 2] are satisfied. 

Lemma 2.11. Let t > and 5, n £ (0,1). for any reaZ s 7 any _B = B(x,r) 
with B{x,2r) C K, and any non-negative, locally bounded function u £ Fi oc (Q) 
with J^tt > L t it weakly in Q, there is a constant c depending on u, t, 5, rj and 
on an upper bound on r, and constants A^^A^ £ [0, oo) depending on C\ - Cj 
such that for all a > 0, 

fd{{(t,z) £ K+ : \ogu e < -a-c}) < (A 4 +A 5 (C 2 +C 3 +Cf +C 5 +C 7 )r 2 )r 2 ^B)a~ J 
and 

fd({(t,z) £ K- : logu £ > a-c}) < {A A +A 5 {C 2 +C 3 +cl +C 5 +C 7 )r 2 )r 2 ji{B) a - 1 , 
where K + = (s — rjrr 2 , s) x o"£? and i*T_ = (s — r 2 , s — r/rr 2 ) x SB. 

Proof. For simplicity, assume that r = 1. By changing <5, we may assume that u 
is a supersolution in (s — r 2 , s) x B' , where £?' is a concentric ball larger than B. 
Let -0(2) = max{0, (l-d(x,z))/r} £ T C {B'). Note that T(ip,ip) := dT(ip,ip)/dfj, 
is bounded. Because of the Cauchy-Schwarz inequality (jl.ll) and Assumption 
l(i), we have 

f t 5 (n £ ,n £ -V 2 ) = / 2^dr 4 (log(n e )» - J ^ 2 dr t (log(n £ ), log(« e )) 

<fc| dr(^»-i / ^ 2 dr(iog( Ue ),iog( Ue )), 

for some constant fc > 1. Hence, applying the chain rule for T, the Cauchy- 
Schwarz inequality (jl.l[> . Assumptions [TJ [5] and Lemma fl.20l we get 

- y ip 2 logu e dfj, = - J ^u~ x ^ 2 dji 
<£ t (u,u- x i> 2 ) 

<£ t 3 (n £ ,n e -V) + f t skcw K,^"V 2 ) +^ ym (^ 2 , 1) " £t(e,ujV a ) 

< fc' y dr(^, ^)-\,\ ^ 2 rfr(io g tie, log Ue ) + fc'(c 2 + c 3 + c| + c 5 + c 7 ) y ?/> 2 

for some fc' > 1 . The rest of the proof goes the same way as [32l Proof of Lemma 
5.4.1]. □ 

Fix t > and S £ (0, 1), define 

I = (s — rr 2 , s) 
Q- = (s - (3 + <5)rr 2 /4, s - (3 - o>r 2 /4) x SB 
Q'_ = (s - rr 2 , s - (3 - 8)rr 2 /A) x <5B 
Q+ = (s- (l + S)rr 2 /A,s) x SB. 
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Theorem 2.12. Suppose Assumptions [T] [2J and @] are satisfied. Let v > 2 be as 
in (|2.ip andpo € (0, l + 2/i/). T/ien i/iere exists a constant A such that, for any 
real s, any B = B(x, r) with B(x, 2r) C Y , and any locally bounded function 
u G J^iooiQ) with -j^u > L t u weakly in Q, we have 

i/po 



l— [ u Po dp,\ < AM{u}. 
3-) Jq'_ I Q+ 



The constant A depends only on t, 8, Dy , Py , Po, C\-C 7 , and an upper bound 
on (C 2 + C 3 + cj +C 5 + C 7 )r 2 . 

Proof. See [32j Theorem 5.4.2]. □ 

Theorem 2.13. Suppose Assumptions [T] [2] and|4] are satisfied. Then the fam- 
ily (St, J 7 ) satisfies the parabolic Harnack inequality on Y. That is, there is a 

constant H Y = H y {t, S, Dy, Py,d - C 7 , (C 2 + C 3 + + C 5 + C 7 )r 2 ) such 
that for any seR, B(x,r) with B(x,2r) C Y , and any non-negative local weak 



solution u G F loc (Q) of j%u = L t u in Q, we have 



supu < Hy inf u. 

Q- Q+ 

Proof. Follows from Corollary HH Theorem [2U and Theorem CLU □ 

Corollary 2.14. Suppose Assumptions [TJ [2] and[4] are satisfied globally onY = 
X with C*2 = C3 = C5 = C7 = 0. Then the family (ft, J 7 ) satisfies a scale- 
invariant parabolic Harnack inequality on X. That is, there is a constant H 
such that for any s € R, B(x, r) C X , and any non-negative local weak solution 



u G J r i oc (Q) of j%u = L t u in Q, we have 



sup it < H inf u. 

Q- Q+ 

The constant H depends only on t, 8, Dx, Px> C\> C4, Cq. 

Remark 2.15. The hypothesis C2 — C3 = C5 = C 7 = is satisfied for second- 
order differential operators with no lower order terms. The second order term 
may be non-symmetric. 

Corollary 2.16. Suppose Assumptions [TJ [2] and 0] are satisfied. Fix r > 
and 5 G (0,1). Then there exist /3 G (0,1) and H G (0,oo) such that for 
any B(x, 2r) C Y , any real s, any local weak solution of -j^u = L t u in Q = 
(s — rr 2 ,s) x B(x,r) has a continuous representative and satisfies 

f \u(t,y)-u(t',y')\ \ H 

where Q_ = (s - (3 + 5)rr 2 /A, s - (3 - <5)rr 2 /4) x B(x, 5r). The constant H 

1 

depends only on t, S, Dy , Py , C1-C7 and an upper bound on (C2 + C3 + C 3 2 + 

c 5 + c 7 y. 

Proof. See, e.g., [32]. □ 
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3 Applications 



In this section, we continue to work under Assumptions [T] and [2] concerning 
the family of bilinear forms £f We also assume that the sector condition holds 
uniformly in t in the form 

V/.ffSJ, \W,9)\<C4S\\A9\\F' 

In addition, we assume that Assumption @] is satisfied locally on X, that is, 
every point x G X has a neighborhood Y x — B{x,r x ) where Assumption 0] is 
satisfied with Y = Y x . Recall from Remark 1 1 . 1 71 that for all t G K and all / G J 7 , 
we have 

£*(/, /) = £?(/, f) + £? m (f, i) > -af fd», 

where a = (4CiC 2 + C 3 /{dC 2 )) if C 2 > and a = 2C 3 if C 2 = 0. 

Proposition 3.1. For every f G L 2 (X,[i) there exists a unique weak solution 
u of the initial value problem 

d 

—u = Ltu on I x X, (3.1) 

dt ' K 1 

u(s,-)=f onX. (3.2) 
Proof. See QH Chap. 3, Theorem 4.1 and Remark 4.3]. □ 
For any s < t there exists a unique transition operator 
Tt ■ L 2 (X,n) — > L 2 (X,[i) 

associated with L t — such that for every / G L? (X, /i) the unique solution 
u of dHUJ-dHlJ) is given by u : t i-> T ( s /. See, e.g., [35] Section 1.3 and 2.4] 
and The map t t— > T t s is strongly continuous on [s, oo). Furthermore, 

||I7|| 2 ^2 < e Q (*" s ) for some 7 > depending on d - C 3 , and T[ = T t s o TJ 
for any r < s < t. Similarly, there exists a transition operator (S*)f associated 
with L\ + J^. These transition operators preserve positivity. 

Proposition 3.2. There exists a measurable positive function p:lx!xRx 
X — » [0, 00) with the following properties: 

(i) For every t > s, fi-a.e. x, y G X and every f G ^(X, /1) + L°°(X, //), 

T tf(y)= / P(t,y,s,z)f(z)n(dz) 
Jx 

and 

(S*)lf(y)= [ p(t,z,s,x)f(z)f,(dz). 
Jx 
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(ii) For every s < a < r and /i-a.e. x £ X the function 

u : (t,y) p(t,y,s,x) 

is a global solution of the equation L t u = J^it on (a, r) x X and for every 
t > r > a and [i-a.e. y £ X the function 

u : (s,x) \->p(t,y,s,x) 

is a global solution of the equation L*u = — JjU on (a, r) x X . 

(Hi) For every s < r < t and fi-a.e. x, y £ X , 



p(t, y, s, x) = / p(t, y, r, z)p(r, z, s, x)fi(dz). 
Jx 

(iv) For every s <t, 

f f p(t,y,s,x) 2 ^dx)^dy)<e^ lx + a ^ 
Jx Jx 

where A is the largest real such that £(f, f) > A||/ HI for all f £ T . 

(v) p is locally bounded on the set {(s,x,t,y) : s <t}. 

Proof. The proposition can be proved along the lines of |T0l Lemma 3.7] and 
[35j Proposition 2.3]. □ 

Theorem 3.3. For all t > s and x,y £ X , 



p{t,y,s,x) < C- 



V{x,T x )iV(y,> 



where t x = \Jt — s A r x , r y = \Jt — s A r y and j3 = Ci + C3 + C 3 2 + C5 + Cj + a. 
The constants C, C > depend on C\-C-j, Dy, Py for Y = Y X and Y = Y y . 

Proof. See [35j Theorem 2.4]. □ 

Definition 3.4. For a ball B = J5(a, r) C X , the Dirichlet-type forms on B are 
defined as 

where the domain D(£g ) = J-°(B) is defined as the closure of the space Cq°(B) 

of all smooth functions with compact support in B. The closure is taken in the 

1 

norm (£(f,f) + J B f 2 d/ij 2 . Let Tg(t,s) be the associated transition operator 
and Pg(t, y, s, x) the Dirichlet propagator. 

Theorem 3.5. Let a £ X and B = B(a, r a /2). 
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(i) For any fixed e £ (0,1) there are constants c,C £ (0, oo) such that for 
any x,y £ S(a, (1 — e)r a /2) and < e(t — s) < (r a /2) 2 , the Dirichlet 
propagator pg is bounded below by 

p%(t,y,a,x) > — =L= -exp f-g fe^ ^ , 

™ l ^ ' - V{x,y/t^ShR x ) y \ t-S J' 

where R x — d(x,dB)/2. 

(ii) For any fixed e £ (0, 1) there are constants c, C, C £ (0, oo) such that for 
any x,y £ B, t — s > (er a /2) 2 , the Dirichlet propagator p^ is bounded 
above by 

P D B (t, y, s, x) < Vl ^- m exp (-^ + pit - s) 

where f3 = C 2 + C 3 + CJ + Cg + C 7 + a. 

(Hi) There exist constants c,C £ (0, oo) such that for any x,y £ B , t > s, the 
Dirichlet propagator p 1 ^ is bounded above by 

p°(t,y,s,x)<C- 



V(x, Vt^~s A (r a /2)y/*V(y, y/t=! A (r„/2))V2 ' 

(3.3) 

where (3 = C 2 + C 3 + CJ + C 5 + C 7 + a. 

All the constants c,C above depend only on G\-C 3 , and on Dy, Py, C^-Cj and 
an upper bound on (C 2 + C3 + C 3 2 + C5 + Cj)r 2 for Y = B(a, r a ). 

Proof. Statement (iii) follows from Theorem 13.31 and the set monotonicity of 
the kernel. To show the on-diagonal estimate in (i) we follow the proof of (3"I21 
Theorem 5.4.10]. Let < e(t - s) < (r a /2) 2 and x £ B(a, (1 - e)r /2). Let 
r = y/t — s A R x - Let i\) be a smooth function such that O<f/'<l,-0 = lon 
B(x, r) and ij) = on X \ B(x, 2r). Define 



u(t,y) 



T§{t,s)^{y) i£t>8, 
ip(y) if t < s. 



One can show that u is a local weak solution of 

d 

L t u = —u on Q — (—00, +00) x B{x, r), 
at 



where 

it = 



L t if t > s, 
L if t < s. 
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Applying the parabolic Harnack inequality of Theorem 12.131 to u and then to 
Pb('>',s,z), we get 

1 = u(s,x) < Cu(s + (t-s)/2,x) 

= C I Pb(s + (t- s)/2, x, s, z)ijj(z)(j,(dz) 

' C \ pg(s+(t-s)/2,x,s,z)ii(dz) 



>B{x,2r) 

< C 2 V{x, 2r) Pb(s + (t - s)/2, as, s - (t - s)/2, x). 
Using volume doubling, we get 

a 



p B (t,x,s,x) > 



V(x,r) 



For the off-diagonal estimate, see the proof of [37l Theorem 4.8], and apply the 
parabolic Harnack inequality of Theorem 12.131 

To show (ii) we follow [13l Lemma 3.9 part 3]. Let r — (er a /4) 2 . Then 



sup p%(t, y, s, z) = sup / p%(t, y, (t + s)/2, x)p%((t + s)/2, x, s, z)n(dx) 



y,z£B 



D i 



y,z£B 

: sup ( / p B '(t,y,(t + s)/2,x) 2 fi(dx) 

y,z£B 



p^((t + s)/2,x,s,z) 2 fx(dx) 



TE(t,(t + s)/2)\\ 2 ^J\(sE) ((t + s)/2,s)\ 



2— >oo 



< 









{>•'-¥- 


\-r\ 






2^2 



rpD 

1 B 



2^2 



{s. 



t + s t + s 

h r, 

2 ' 2 

t + s 



2^oo 



< 



rpl 



t + s t+s 

r. 



<- 



2 ' 2 
exp((-(C 1 )- 1 A B + a )(f- s )/4) 
C 

'-V(a,r a /2) 



2 



t + s 



<<xp I -c—^- + /3(t - s) 



for some constants c, C > 0. Here As is the lowest Dirichlet eigenvalue for the 
form £ on B. By [T3J Theorem 2.5], it holds \ B > const • r~ 2 . □ 

Theorem 3.6. Suppose Assumptions [T] [2] and [4] are satisfied. Then there are 
constants c, C, C > suc/i i/iai /or an?/ pomi a € A, aZZ x, t/ 6 -E>(a, r a /2) cmd 
t > s, we have 



p(t,y,s,x) > c 



•*p(-c*%*£-%(t-a) 

V(x, y/t^s A (r a /2)) 
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The constants c,C,C depend only on C1-C3, and on Dy, Py, C^-Cj and an 

1 

upper bound on (C 2 + C 3 + C 3 2 + C 5 + C r )rl for Y = B(a, r a ). 

Proof. From Theorem I3.5f i) we obtain an on-diagonal bound for t — s < r\. 
The off-diagonal estimate (for any t > s) follows from the parabolic Harnack 
inequality. □ 

The following corollary provides a global two-sided heat kernel bound for 
situations that generalize the model case of the equation 



d t u = ^ d j( a i,j( t ^ x)diu) 



on W 1 with bounded measurable uniformly elliptic but not necessarily symmetric 

Corollary 3.7. Suppose Assumptions!!] [2] and|4] are satisfied globally onY = X 
with C2 = C3 = C5 = C7 = 0. Then there are constants c,C,c',C > such 
that for any x, y G X and t > s, we have 

c ) J-L J <pit,y,8,x) < C } ^1 J . 
V(x,^t — s) V(X, y/t — S) 

The constants c,C,c',C > depend only on C\, C4, Cq, Dx, Px ■ 

Note that, under the assumption of 13.71 Corollary 12.161 provides assorted 
global time-space Holder continuity estimates for the heat kernel. 

Remark 3.8. For the sake of simplicity, in the results described above, we 
have not tried to capture the sharpest possible Guassian upper bound as far as 
the constant in front of in the exponential Gaussian factor is concerned. 

The reason is that this question is rather unnatural and somewhat irrelevant in 
the present context of time-dependent forms. We note that, with the parabolic 
Harnack inequality of Theorem l2 . 1 3l established. it is possible to obtain more de- 
tailed Gaussian upper bounds in spirit of [35] and (32j Section 5.2.3] by following 
the line of reasoning used in these references. 
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